Abstract. The radii of starlikeness and convexity associated with lemniscate of Bernoulli and the Janowski function, (1+Az)/(1+Bz) for −1 ≤ B < A ≤ 1, have been determined for normalizations of q-Bessel function, Bessel function of first kind of order ν, Lommel function of first kind and Legendre polynomial of odd degree.
Introduction
Let D be the unit disk in C and A be the class of all analytic functions f : D → C normalized by f (0) = 0 and f ′ (0) = 1. The class S is the subclass of A consisting of univalent functions. A function f ∈ A is starlike if f (D) is starlike with respect to the origin. Various subclasses of starlike function can be unified by making use of the concept of subordination. A function f ∈ A is said to be subordinate to a function g ∈ A, written as f (z) ≺ g(z), if there is a Schwarz function w with w(0) = 0 such that f (z) = g(w(z)). If g is a univalent function, then f (z) ≺ g(z) if and only if f (0) = g(0) and f (D) ⊂ g (D) . For an analytic function ϕ, let S * (ϕ) be the class of all analytic functions satisfying zf ′ (z)/f (z) ≺ ϕ(z). The class K(ϕ) is the class of all analytic functions satisfying 1 + zf ′′ (z)/f ′ (z) ≺ ϕ(z). These classes include respectively several well-known subclasses of starlike and convex functions. For example, the class S * L := S * ( √ 1 + z) denotes the class of lemniscate starlike functions introduced and studied by Sokól and Stankiewicz [19] and the class K( √ 1 + z), denoted by K L , is the class of lemniscate convex functions. For −1 ≤ B < A ≤ 1, the class S * [A, B] := S * ((1 + Az)/(1 + Bz)) is the class of Janowski starlike functions and the class K[A, B] := K((1 + Az)/(1 + Bz)) is the class of Janowski convex functions (see [15] ).
Given a class of functions M ⊂ A and a function f ∈ A, the M-radius of the function f is the largest number r with 0 ≤ r ≤ 1 such that f r ∈ M, where f r (z) := f (rz)/r. For M = S * L , the M-radius of f , denoted by r * L (f ), is called the radius of lemniscate starlikeness. It is indeed the largest r with 0 ≤ r ≤ 1 such that < 1 (|z| < r).
For more details on the radius problems, one may refer to [2, 13, 20] . We intend to look certain normalized Bessel functions for which our aim is to find the radii of lemniscate starlikeness, lemniscate convexity, Janowski starlikeness and Janowski convexity. Consider the Bessel function of first kind of order ν which is a particular solution of the second order homogeneous Bessel differential equation z 2 w ′′ (z) + zw ′ (z) + (z 2 − ν 2 )w(z) = 0, where ν is an unrestricted (real or complex) number. The function has an infinite series expansion given by
where z ∈ C and ν ∈ C such that ν = 0, −1, −2, . . .. Watson's treatise [21] made a comprehensive study of Bessel function of first kind. Geometric properties of Bessel function of first kind such as univalence, convexity, starlikeness etc. have been studied in [3] . Since the Bessel function J ν is not normalized, we will consider the following normalizations: Clearly, the functions f ν , g ν and h ν belong to the class A. It can also be noted that f ν (z) = exp(
, where log represents the principle branch of logarithm function. Throughout every multivalued function is taken with the principle branch. Baricz et al. [7] determined the radii of starlikeness of f ν , g ν and h ν for ν > −1. Also, Baricz and Szász [8] studied radius of convexity of Bessel function of first kind. Bohra et al. [10] have obtained the ST (k, α) radius, that is, the radius of k-starlikeness of order α and the k-uniformly convex radius, UCV(k, α) radius, of the normalized Bessel functions of first kind. Now consider the Jackson and Hahn-Exton q-Bessel functions given by
where z ∈ C, v > −1, q ∈ (0, 1) and (a;
In [17] , the conditions on the respective parameters are derived so that generalized normalized Bessel function and generalized normalized Lommel function are lemniscate convex and lemniscate Carathéodory in D.
The Legendre polynomials are the solutions of the Legendre differential equation
where n is a non-negative integer. The Legendre polynomial P n is symmetric or antisymmetric, that is P n satisfies P n (−z) = (−1) n P n (z). Let the Legendre polynomial P 2n−1 is normalized by Theorem 2.1. For 0 < q < 1, let ξ ν,1 (q) and ζ ν,1 (q) denote the first positive zero of the q-Bessel functions J (2) ν (·; q) and J (3) ν (·; q), respectively. For s ∈ {2, 3}, if ν > 0, the function f (s) ν (·; q) and for ν > −1, the functions g
ν ), respectively as the smallest positive root of the equations (respectively)
ν ) are the unique roots of the equations (2.2), (2.3) and (2.4), respectively in (0, t), where t = ξ ν,1 (q) for s = 2 and t = ζ ν,1 (q) for s = 3.
Proof. The proofs for the cases s = 2 and s = 3 are almost the same except for the difference of the zeros of the corresponding functions. The proof presented is for s = 2. The case s = 3 follows similarly. For simplicity, the notations J ν (z; q) := J (2)
ν (z; q) and h ν (z; q) := h (2) ν (z; q) are used and the derivatives are with respect to the first component. The factorization (2.1) of the function
Keeping in view the normalizations (1.4), (1.5), (1.6), it follows from the equation (2.5) that zf
By virtue of (2.6), for |z| < ξ ν,1 (q), by simple computations, the inequality
holds for ν > 0 and n ∈ N, where the last equality holds by replacing z by |z| in equation (2.6). Similar inequalities hold for the functions g ν (·; q) and h ν (·; q) for ν > −1.
If the function p(·; q) collectively represents the functions f ν (·; q), g ν (·; q) and h ν (·; q), then by the above relation, with r * being the smallest positive root of the equation
rp ′ (r; q) p(r; q) + 2 = 0, the inequality |(rp ′ (r; q)/p(r; q)) 2 − 1| < 1 is true for |z| < r * . From equations (2.6), (2.7) and (2.8), note that the zeros of the above equation for the functions f ν (·; q), g ν (·; q) and h ν (·; q) coincide with those of equations (2.2), (2.3) and (2.4), respectively with s = 2. This implies that the lemniscate starlike radii of these functions, r * L (f ν ), r * L (g ν ) and r * L (h ν ), are smallest positive roots of the mentioned equations with s = 2.
In particular for the function f ν (·; q), the function u ν (·; q)
, is continuous and is strictly increasing function of r for ν > 0, as
Also, lim rց0 u ν (r; q) = −1 < 0 and lim rրξ ν,1 (q) u ν (r; q) = ∞ > 0. Thus, the Intermediate Value Theorem ensures the existence of the unique zero of u ν (·; q) in (0, ξ ν,1 (q)) and hence, the lemniscate starlike radius of the function f ν (z; q); r * L (f ν ), is the unique zero of u ν (r; q) in (0, ξ ν,1 (q)) or of the equation (2.2) for s = 2. In the similar manner, the existence of root of the other equations can be verified and this is how we can determine radii of lemniscate starlikeness for the functions f 
, where ξ ′ ν,n (q) and ζ ′ ν,n (q) are the n th positive zeros of the functions dJ (2) ν (z; q)/dz and dJ (3) ν (z; q)/dz, respectively. Using [14, Theorem 4.3] and [4, Lemma 9] , the zeros of dJ (2) ν (z; q)/dz and J (2) ν (z; q) are interlaced and the relation 0 < ξ [16, Theorem 3.7] , a similar relation holds between the zeros of dJ ν (z; q)/dz for s = 2, 3, respectively and α ν,1 (q) and γ ν,1 (q) be the first positive zeros of z · dJ
ν (z; q) for s = 2 and s = 3, respectively. Similarly, let β ν,1 (q) and δ ν,1 (q) denote the first positive zeros of z · dJ
ν (z; q) with s = 2 and s = 3, respectively. For s ∈ {2, 3}, the lemniscate convex radii for the function f ν (·; q) and h
ν ) are respectively the smallest positive root of the equations
ν (r; q)/dr
and
In addition to that, with s ∈ {2, 3}, the radii r
ν ) are unique positive roots of the equations (2.10), (2.11) and (2.12), respectively in (0, t 1 ), (0, t 2 ) and (0, t 3 ) such that t 1 = ξ ′ ν,1 (q), t 2 = α ν,1 (q) and t 3 = β ν,1 (q) for s = 2 and
Proof. The proof for the case s = 2 is given and the other one follows in the similar manner. Using equation (2.9), we obtain
By means of normalization (1.4) and equations (2.5) and (2.13), it follows that
(2.14)
Now, suppose that ν ∈ (0, 1], then λ = 1/ν − 1 ≥ 0. Using equation (2.14) and triangle's inequality for |z| < ξ
holds. From equation (2.14), if z is replaced by |z|, then the above inequality yields
.
Using the relation
for |z| ≤ r < a < b and 0 ≤ λ < 1, from [12, Lemma 2.1], we notice that the inequality (2.15) holds for the case when ν > 1 as well. Thus, for ν > 0 and |z| < ξ ′ ν,1 (q), the relation (2.15) holds. Therefore, the function f ν (z; q) is lemniscate convex for |z| < r 1 , where r 1 is the smallest positive root of
Further, we observe that the function u ν (·; q) : (0, ξ
, is continuous and lim rց0 u ν (r; q) = −1 < 0 and lim rրξ ′ ν,1 (q) u ν (r; q) = ∞ > 0. By the Intermediate Value Theorem, it follows that there exists a root of equation (2.17) in (0, ξ ′ ν,1 (q)). Also, the function u ν (r; q) is strictly increasing for ν > 0 because for ν > 0 and r < ξ
2 holds and from (2.14)
Thus, the root is unique in (0, ξ ′ ν,1 (q)) and hence the lemniscate convex radius of f ν (z; q) is the unique root of (2.17) in (0, ξ ′ ν,1 (q)). An equivalent form of this equation is given by equation (2.10) for s = 2.
We now determine the radii of lemniscate convexity of normalized q-Bessel functions g ν (·; q) and h ν (·; q). Since g ν (z; q) is the normalization of the q-Bessel function J ν (z; q) given by (1.5), therefore g
, where α ν,n (q) is the n th positive zero of zJ ′ ν (z; q) + (1 − ν)J ν (z; q) satisfying α ν,1 (q) < α ν,2 (q) < · · · and hence we have the relation
We mimic the proof of Theorem 2.1 for |z| < α ν,1 (q) so that g ν (z; q) satisfies the inequality
Hence, it follows that the lemniscate convex radius of g ν (·; q), r c L (g ν ), is the unique positive root of the equation rg
The above equation is equivalent to equation (2.11) with s = 2. Similarly, using the Hadamard factorization of h
, where β ν,n (q) is the n th positive zero of zJ
It is known that the Bessel function of first kind admits the Weierstrass Decomposition [21, p.498] given by
where ξ ν,n denotes the n th positive zero of the Bessel function J ν . Also, the zeros of the Bessel function of first kind satisfy the inequality ξ ν,1 < ξ ν,2 < · · · for ν > −1. This infinite product is uniformly convergent on the compact subsets of C. We have that Jackson and Hahn-Exton q-Bessel functions are q-extensions of classical Bessel function of first kind such that J (2) 
In the next result, the lemniscate convex radii of the normalizations of Bessel function of first kind, given by (1.1), (1.2) and (1.3), are determined. 
, where α ν,1 is the first positive zero of zJ
, the unique positive root of the equation
, where β ν,1 is the first positive zero of zJ
hold, where ξ ν,1 denote the first positive zero of J ν .
The radii of lemniscate starlikeness and lemniscate convexity for normalized Lommel functions are determined and the following lemma from [6] , is used to prove the main results.
where z ∈ C, µ ∈ R and k ∈ {0, 1, 2, . . .} such that µ − k ∈ {0, −1, . . .}. Then, ϕ k is an entire function of order ρ = 1. Consequently, the Hadamard's factorization of ϕ k is of the form
where z µ,k,n is the n th positive zero of the function ϕ k , and the infinite product is absolutely convergent. Moreover, for z, µ and k as above, we have
The following result presents the radii of lemniscate starlikeness for the normalized Lommel functions f µ , g µ and h µ given by (1.10), (1.11) and (1.12), respectively. Theorem 2.6. Let µ ∈ (−1, 1)\{0}. Then the lemniscate starlike radius of the normalized Lommel function of first kind f µ ; r * L (f µ ) is given by the smallest positive root of the equation
For the functions g µ and h µ ; r * L (g µ ) and r * L (h µ ) are the smallest positive roots of the equations (respectively) Proof. We divide the proof for the function f µ into the cases when µ ∈ (0, 1) and when µ ∈ (−1, 0). First suppose that µ ∈ (0, 1). Since the zeros of the function ϕ 0 are real, let ξ µ,n be the n th positive zero of the ϕ 0 such that ξ µ,1 < ξ µ,2 < · · · . Thus, using Lemma 2.5, the Hadamard factorization of the Lommel function of first kind is given by
From the above equation, it follows that
Since f µ is a normalization of the function s µ− given in (1.10), we have the relation
Following the procedure as in Theorem 2.1, it is clear that the radius of lemniscate starlikeness for the function f µ ; r * L (f µ ), is the smallest positive root of the equation rf
If µ ∈ (−1, 0), then µ + 1 ∈ (0, 1). Using the same technique as in proof of Theorem 2.1 for µ ∈ (0, 1), substituting µ by µ − 1 and ϕ 0 by ϕ 1 with ζ µ,n being the n th positive zero of the function ϕ 1 , we get
holds for µ ∈ (0, 1) with µ = 1/2. Simplifying the above equation, it is easy to see that
Using above inequality and equation (2.22), replacing z by |z|, the relation
holds. Thus, on replacing µ by µ + 1 and combining both the cases, we observe that the function f µ (z) is lemniscate starlike for |z| < r * , where r * is the smallest root of the equation , the function u µ : (0, ξ µ,1 ) → R, defined by
is u µ is continuous and lim rց0 u µ (r) = −1 < 0 and lim rրξ µ,1 u µ (r) = ∞ > 0. This ensures the existence of a zero of u µ in (0, ξ µ,1 ). Furthermore, u µ is strictly increasing as
is positive in (0, ξ µ,1 ). Thus, the lemniscate starlike radius of f µ is the unique root of (2.23) in (0, ξ µ,1 ). It is clear using equation (2.22 ) that the zeros of equation (2.23) coincide with those of equation (2.19) . Therefore, the radius of lemniscate starlikeness of the function f µ is the unique positive zero of equation (2.19) in (0, ξ µ,1 ). Now since g µ and h µ are normalizations of the Lommel function of first kind as mentioned in (1.11) and (1.12), thus for µ ∈ (−1, 1) \ {0}, we have
where ξ µ,n are the n th positive zero of the function ϕ 0 such that ξ µ,1 < ξ µ,2 < · · · . Again as in Theorem 2.1, it follows that the radii of lemniscate starlikeness of the functions g µ (z) and h µ (z) are the unique positive root of the equation
in (0, ξ µ,1 ) and (0, ξ µ,1 ), where the function p collectively stands for the functions g µ and h µ , respectively. Thus, the theorem holds.
In the next theorem, we determine the radii of lemniscate convexity of the normalizations of Lommel function of first kind. 
(r)
Proof. To show that the lemniscate convex radius of normalization f µ is the smallest root of equation (2.26), we divide the proof into cases when 0 < µ < 1 and −1/2 < µ < 0.
Firstly, assume that µ ∈ (0, 1). It is known that for 0 < µ < 1, the zeros of ϕ 0 , ξ µ,n , are real and positive satisfying ξ µ,1 < ξ µ,2 < · · · . Let ξ , respectively (taking into account the cases µ ∈ (0, 1/2] and µ ∈ [1/2, 1) for which µ satisfies 1/(µ + 1/2) − 1 ≥ 0 and 0 ≤ 1 − 1/(µ + 1/2) < 1/3, respectively), it is observed that the radius of lemniscate convexity of f µ is the unique root of (2.26) in (0, ξ ′ µ,1 ). Now let µ ∈ (−1/2, 0). Suppose that µ ∈ (1/2, 1) and mimic the same proof with µ − 1 in place of µ and substituting ϕ 0 by ϕ 1 with ζ µ,n and ζ , respectively. Then the function f µ−1 satisfies the inequality
On replacing µ with µ + 1, we get that the radius of lemniscate convexity of f µ , for µ ∈ (−1/2, 1) \ {0} is the unique root of (2.26) in (0, ξ ′ µ,1 ), where ξ ′ µ,1 is the first positive zero of s
(z)). For −1 < µ < 1, with γ µ,n being the n th positive zero of g
Using the method as in proving Theorem 2.2, the radius of lemniscate convexity of the function g µ is the unique root of the equation (2.27) in (0, γ µ,1 ). Similarly, it can be determined for the function h µ given that the Hadamard factorization of h
, where δ µ,n is the n th positive zero of h ′ µ such that δ µ,1 < δ µ,2 < · · · . Thus, the radius of lemniscate convexity of the function h µ is the unique positive root of the equation (2.28) in (0, δ µ,1 ) . Hence, the theorem holds.
The Rodrigues formula of Legendre polynomial,
n n!, implies that the Legendre polynomial of odd degree has only real roots and the roots of P 2n−1 are 0, ±α 0 , ±α 1 , ±α 2 , · · · , ±α n−1 such that 0 < α 1 < α 2 < · · · < α n−1 . The product representation of P 2n−1 as in [11] 
Using the same technique as in proof of Theorem 2.1, we have the following.
Theorem 2.8. Let α 1 denote the first positive zero of the normalized Legendre polynomial of odd degree, P 2n−1 . Then the lemniscate starlike radius of P 2n−1 ; r * L (P 2n−1 ), is the unique positive root of the equation
The lemniscate convex radius for the function P 2n−1 is given by:
Theorem 2.9. Let α 1 be the first positive zero of the normalized Legendre polynomial of odd degree P 2n−1 .The lemniscate convex radius of the function P 2n−1 ; r c L (P 2n−1 ), is the smallest positive root of the equation
Proof. For the normalized Legendre polynomial P 2n−1 , by means of equation (2.29) , it is clear to see that the equation
holds. For |z| < α 1 , using triangle's inequality in equation (2.31), we notice that the function 1 + zP
If z is replaced with |z| in equation (2.31), the above inequality results into
Let r 1 is the smallest positive root of the equation (2.30), then the inequality (2.32) implies that for |z| < r 1 , the Legendre polynomial P 2n−1 satisfies |(1+zP
then u n is continuous on (0, α 1 ) and lim rց0 u n (r) = −1 < 0 and lim rրα 1 u n (r) = ∞ > 0. Using the Intermediate Value Theorem, there exists a positive zero of u n in (0, α 1 ). Hence, the smallest positive root of u n (r) = 0 is the lemniscate convex radius of P 2n−1 , r c L (P 2n−1 ).
Janowski Starlikeness and Janowski Convexity
In this section, using the Hadamard factorizations of the specified functions, we determine the radii for which normalizations of these functions are Janowski starlike and Janowski convex.
The following result deals with the radii of Janowski starlikeness of the normalizations f ν (z; q) for s ∈ {2, 3}. Theorem 3.1. For s ∈ {2, 3}, let ξ ν,1 (q) and ζ ν,1 (q) denote the first positive zeros of the q-Bessel functions J 
ν ) are unique positive roots of equations (3.1), (3.2) and (3.3), respectively in (0, t) such that t = ξ ν,1 (q) for s = 2 and t = ζ ν,1 (q) for s = 3.
Proof. The proof given here is for the case s = 2 again and the other one follows on the similar lines. To determine the radius of Janowski starlikeness of the normalization f ν (·; q) of J ν (·; q) given by (1.4), we need to find a real positive number r * such that |((zf ′ ν (z; q)/f ν (z; q)) − 1)/(A − Bzf ′ ν (z; q)/f ν (z; q))| < 1 for |z| < r * . For |z| < ξ ν,1 (q), by equation (2.6), using triangle's inequality, it follows that the inequality
holds for ν > 0 with equality at z = |z| = r. By substituting |z| in place of z using equation (2.6), the above inequality yields
If r * is the smallest positive root of the equation
then the inequality (3.4) implies that the function f ν is Janowski starlike for |z| < r * . Further, the function u ν (·; q) : (0, ξ ν,1 (q)) → R defined by u ν (r; q) := rf ′ ν (r; q)/f ν (r; q)− 1 + (A − B)/(1 + |B|) is continuous on (0, ξ ν,1 (q)) and is strictly decreasing as
Also, lim rց0 u ν (r; q) = (A − B)/(1 + |B|) > 0 and lim rրξ ν,1 (q) u ν (r; q) = −∞ < 0. Therefore, the Intermediate Value Theorem ensures the existence of the unique root of u ν (r; q) = 0 in (0, ξ ν,1 (q)). Thus, the Janowski starlike radius of f ν (·; q); r * A,B (f ν ), is the unique root of equation (3.5) in (0, ξ ν,1 (q)) which is equivalent to (3.1) with s = 2.
Similar equations hold for the normalizations g ν and h ν given by (1.5) and (1.6), respectively for ν > −1. Hence, the radii of Janowski starlikeness for g ν (·; q) and h ν (·; q); r * A,B (g ν ) and r * A,B (h ν ), are the unique roots of the equations (3.2) and (3.3), respectively with s = 2. Therefore, the theorem holds.
In the following result, we determine the radius of Janowski convexity of the normalized q-Bessel functions f ν (z; q)/dz for s = 2, 3, respectively and α ν,1 (q) and γ ν,1 (q) be the first positive zeros of z · dJ
ν (z; q) for s = 2 and s = 3, respectively. Similarly, let β ν,1 (q) and δ ν,1 (q) denote the first positive zeros of z · dJ ν ) are the unique positive roots of equations (3.6), (3.7) and (3.8) in (0, t 1 ), (0, t 2 ) and (0, t 3 ), respectively such that t 1 = ξ ′ ν,1 (q), t 2 = α ν,1 (q) and t 3 = β ν,1 (q) for s = 2 and t 1 = ζ ′ ν,1 (q), t 2 = γ ν,1 (q) and t 3 = δ ν,1 (q) for s = 3.
for |z| < r 1 where r 1 is the unique positive root of equation (3.10) . Since the zeros of the equation (3.10) are same as those equation (3.6) with s = 2, the radius of f ν (·; q), r Therefore, the following theorem gives the radius of Janowski starlikeness of the function P 2n−1 . . Hence, the Janowski convex radius of the function P 2n−1 is given by the following result. 
